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NEW SERIES OF MODULI COMPONENTS OF RANK 2
SEMISTABLE SHEAVES ON P3 WITH SINGULARITIES
OF MIXED DIMENSION
ALEKSEI IVANOV-VIAZEMSKY
We construct a new infinite series of irreducible components of the Gieseker-Maruyama
moduli scheme M(k), k ≥ 3 of coherent semistable rank 2 sheaves with Chern classes
c1 = 0, c2 = k, c3 = 0 on P
3 whose general points are sheaves with singularities of mixed
dimension. These sheaves are constructed by elementary transformations of stable and
properly µ-semistable reflexive sheaves along disjoint union of collections of points and
smooth irreducible curves which are rational or complete intersection curves. As a special
member of this series we obtain a new component of M(3).
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1. Introduction
LetM(0, k, 2n) be the Gieseker-Maruyamamoduli scheme of semistable
rank-2 sheaves with Chern classes c1 = 0, c2 = k, c3 = 2n on the projec-
tive space P3. Denote M(k) = M(0, k, 0). By the singular locus of a
given OP3-sheaf E we understand the set Sing(E) = {x ∈ P
3 | E is not
locally free at the point x}. Sing(E) is always a proper closed subset of P3
and, moreover, if E is a semistable sheaf of nonzero rank, every irreducible
component of Sing(E) has dimension at most 1. For simplicity we will not
make a distinction between a stable sheaf E and corresponding isomor-
phism class [E] as a point of moduli scheme. Also by a general point we
understand a closed point belonging to some Zariski open dense subset.
Any semistable rank-2 sheaf [E] ∈ M(k) is torsion-free, so it fits into
the exact triple
0 −→ E −→ E∨∨ −→ Q −→ 0,
where E∨∨ is a reflexive hull of E and dim Q ≤ 1. Conversely, take a
reflexive sheaf F , a subscheme X ⊂ P3, an OX-sheaf Q and a surjective
morphism φ : F ։ Q, then one can show that the kernel sheaf E :=
ker φ is semistable when F and Q satisfy some mild conditions. We call a
sheaf E an elementary transform of F along X. In general, an elementary
transform of a sheaf F can be defined as follows.
Definition 1. An elementary transform of a sheaf F along an element
[F
φ
։ Q] ∈ QuotP (F ) is a sheaf E := ker φ.
1
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In fact, all known irreducible components of the moduli schemesM(k) gen-
eral points of which correspond to non-locally free sheaves are constructed
by using elementary transformations of stable reflexive sheaves.
More precisely, in [7] there were found two infinite series T (k, n) and
C(d1, d2, k − d1d2) of irreducible components of M(k) which (generically)
parameterize stable sheaves with singularities of dimension 0 and pure di-
mension 1, respectively. general points of components of the first series are
elementary transforms of stable reflexive sheaves along unions of n distinct
points in P3, while those of the second series are elementary transforms of
instanton bundles of charge k − d1d2 along smooth complete intersection
curves of degree d1d2.
Next, in [8] there were constructed three components of M(3) param-
eterizing sheaves with singularities of mixed dimension. general sheaves of
these components are elementary transforms of stable reflexive sheaves with
Chern classes (c2, c3) = (2, 2), (2, 4) along a disjoint union of a projective
line and a collection of points in P3. This approach was generalized in [9]
by doing elementary transformations of stable reflexive sheaves with other
Chern classes along a disjoint union of a projective line and a collection of
points in order to construct infinite series of components of M(−1, c2, c3).
Also it is worth to note that in [6] there were constructed the certain
collections of divisors of the boundaries ∂I(k) = I(k) \ I(k) of instanton
components of M(k) for each k. general sheaves of these divisors are
elementary transforms of instanton bundles along rational curves.
The present paper is devoted to further generalization of these results.
Namely, we construct an infinite series of irreducible moduli components
which includes the components parameterizing non-locally free sheaves con-
structed in [6, 7, 8] as special cases. Similar to the construction in loc. cit.,
the general sheaves E of the new components are obtained by the elemen-
tary transformations of the following form
0 −→ E −→ F −→ L⊕OW −→ 0,
where F is a stable or properly µ-semistable reflexive (non-locally free)
rank-2 sheaf, L is a line bundle on a smooth connected curve C in P3 which
is either rational or complete intersection curve, W ⊂ P3 is a collection of
points. In order to simplify computations we require that C ∩W = ∅ and
Sing(F )∩ (C ⊔W ) = ∅. One can show that the singularity set of the sheaf
E is Sing(F )⊔C ⊔W , so it has mixed dimension. Moreover, Sing(E) does
not coincide with any other singularity set of the sheaves from the known
components of M(k), so the components of the proposed series are really
new.
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Since a complete enumeration of components of M(k) for small values
of k is of particular interest, it is worth to note that this series contains a
new component ofM(3). In short, the dense subset of this component can
be obtained by doing elementary transformations of properly µ-semistable
reflexive rank-2 sheaves F with (c1, c2, c3) = (0, 1, 2) along the sheaf L =
OC(2), where C ⊂ P3 is a smooth conic.
The paper is organized in the following way. In Section 2 we recall the
necessary facts about moduli spaces of stable and µ-semistable reflexive
sheaves. Section 3 is devoted to the description of the new series of moduli
components. Finally, in Section 4 we prove that the described components
are irreducible.
Acknowledgements. The work was supported in part by Young Russian
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2. Reflexive rank-2 sheaves
The moduli scheme R(0, m, 2n) parameterizing stable reflexive rank-2
sheaves on P3 with Chern classes c1 = 0, c2 = m, c3 = 2n can be considered
as open subset of the Gieseker-Maruyama moduli scheme M(0, m, 2n), so
it is a quasi-projective scheme (see [4]). It is known that for (m, n) =
(2, 1), (2, 2), (3, 4) this scheme is smooth, irreducible and rational; for
(m, n) = (3, 2) it is irreducible and reduced at general point; for (m, n) =
(3, 1), (3, 3) the corresponding reduced scheme is irreducible (see [3]).
In the paper [7] the infinite series of irreducible components Sa,b,c of the
moduli schemes R(0, m, 2n) is described. Sheaves from these components
fit into the following exact triple
(1)
0→ a·OP3(−3)⊕b·OP3(−2)⊕c·OP3(−1)→ (a+b+c+2)·OP3 → F (k)→ 0,
where a, b, c are arbitrary non-negative integers such that 3a + 2b + c is
non-zero and even, k := 3a+2b+c2 . The corresponding Chern classes of these
sheaves can be expressed through the integers a, b, c in the following way
(2) c2(F ) =
1
4
(3a+ 2b+ c)2 +
3
2
(3a+ 2b+ c)− (b+ c),
(3) c3(F ) = 27
(
a+ 2
3
)
+ 8
(
b+ 2
3
)
+
(
c+ 2
3
)
+
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+3(3a+ 2b+ 5)ab+
3
2
(2a+ c+ 4)ac+ (2b+ 3c+ 3)bc+ 6abc.
The components Sa,b,c are smooth. Moreover, they have expected dimen-
sion 8m − 3 which implies that Ext2(F, F ) = 0 for any sheaf [F ] ∈ Sa,b,c
(see [7, Lemma 5]).
Also we can construct a scheme V(0, m, 2n) parameterizing some re-
flexive properly µ-semistable sheaves with the corresponding Chern classes
in the following way. Consider the Hilbert scheme Hilbm,g(P
3) of smooth
space curves of degree m and genus g; let n = g + 2m − 1. Now de-
note by Z →֒ Hilbm,g(P
3) × P3 the corresponding universal curve and
pr : Hilbm,g(P
3) × P3 −→ Hilbm,g(P
3) the projection onto the first factor.
Also introduce the following definition
Definition 2. Let S be a scheme. Let E be a coherent OS-sheaf. We
denote by P(E) := Proj(SymOS(E)) the Proj construction of the sheaf of
graded OS-algebras SymOS(E).
We define the scheme V(0, m, 2n) as an open subset of P((pr∗ωZ(4))
∨) the
points (Y, Pξ) ∈ P((pr∗ωZ(4))
∨) of which satisfy the following property
ξ ∈ H0(ωY (4)) generates ωY (4) except at finitely many points.
By the construction we have the formula for the dimension of this scheme
(4) dim V(0, m, 2n) = dim Hilbm,g(P
3) + dim P(H0(ωY (4))) =
= h0(NY/P3) + h
0(ωY (4))− 1,
where Y is an arbitrary curve from Hilbm,g(P
3). Next, note that due to the
isomorphism H0(ωY (4)) ≃ Ext
1(IY ,OP3) any point (Y,Pξ) ∈ V(0, m, 2n)
uniquely defines the sheaf F which satisfies the following exact triple
(5) 0 −→ OP3 −→ F −→ IY −→ 0.
One can show that F is a reflexive properly µ-semistable rank-2 sheaf with
Chern classes c1 = 0, c2 = m, c3 = 2n. Conversely, any such sheaf F sat-
isfies the triple above, so it determines the point of V(0, m, 2n). Therefore,
there exists one-to-one correspondence between points of V(0, m, 2n) and
some family of reflexive properly µ-semistable rank-2 sheaves with Chern
classes c1 = 0, c2 = m, c3 = 2n (for more details, see [4, Thm. 4.1, Prop.
4.2]).
Lemma 1. For any sheaf F from V(0, m, 2n) we have that h0(F ) = 1,
dim End(F ) = 2, Aut(F ) ≃ k∗ × k.
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Proof: The extension (5) immediately implies that h0(F ) = 1. Also apply-
ing the functor Hom(F,−) to (5) we get
0 −→ Hom(F,OP3) −→ Hom(F, F ) −→ Hom(F, IY ).
So dim Hom(F, F ) ≤ dim Hom(F,OP3)+dim Hom(F, IY ) ≤ 2 dim Hom(F,OP3) =
2 h0(F ) = 2; second inequality holds because IY →֒ OP3 implies Hom(F, IY ) →֒
Hom(F,OP3). On the other hand, the short exact sequence (5) gives the
following endomorphism
(6) σ : F ։ IY →֒ OP3 →֒ F,
which is not a scalar multiplication. So, dim End(F ) ≥ 2, hence is 2.
Therefore, the endomorphism algebra End(F ) has the following form
End(F ) ≃ {λId + µσ | λ, µ ∈ k}.
Finally, since σ2 = 0 for the corresponding automorphism group we have
the isomorphism of groups
(7) Aut(F ) = {λId + µσ | λ ∈ k∗, µ ∈ k} ≃ k∗ × k,
λId + µσ 7→ (
µ
λ
, λ) ∈ k∗ × k.

Lemma 2. For µ-semistable reflexive sheaves F from V(0, m, 2n) we have
the following equalities
(8) dim Ext1(F, F ) = dim V(0, m, 2n),
(9) dim Ext2(F, F ) = h1(NY/P3) + g.
Proof: In order to show this apply the functor Hom(−, F ) to the triple (5),
then we obtain the exact sequence
(10) 0 −→ Hom(IY , F ) −→ End(F ) −→ H
0(F ) −→
−→ Ext1(IY , F ) −→ Ext
1(F, F ) −→ H1(F ).
From the fact that the triple (5) is not splitting we can deduce that the
canonical map Hom(IY ,OP3) −→ Hom(IY , F ) is isomorphism, so we have
Hom(IY , F ) ≃ Hom(IY ,OP3) ≃ k.
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Next, it is easy to see that H0(F ) ≃ k. It immediately implies that the
morphism Hom(F, F ) −→ H0(F ) from the exact sequence (10) must be
surjective. Since the curve Y is smooth and irreducible we also have
H1(F ) ≃ H1(IY ) = 0. Therefore, the exact sequence (10) implies the
isomorphism
(11) Ext1(F, F ) ≃ Ext1(IY , F ).
Now after applying the functor Hom(IY ,−) to the triple (5) we have the
exact sequence
(12) 0 −→ Hom(IY ,OP3)
≃
−→ Hom(IY , F )
0
−→ Hom(IY , IY ) −→
−→ Ext1(IY ,OP3) −→ Ext
1(IY , F ) −→ Ext
1(IY , IY ) −→ Ext
2(IY ,OP3).
Taking into account that Y is smooth we conclude that Ext2(IY ,OP3) ≃
Ext3(OY ,OP3) ≃ H
0(OY (−4)) = 0 by Serre duality. Next, it is easy to
check that Hom(IY , IY ) ≃ k and
(13) Ext1(IY ,OP3) ≃ H
0(Ext1(IY ,OP3)) ≃
≃ H0(Ext2(OY ,OP3)) ≃ H
0(ωY (4)).
Moreover, we have Ext1(IY , IY ) ≃ H
0(Ext1(IY , IY )) ≃ H
0(NY/P3). Substi-
tuting (11), (13) into (12) we obtain the exact sequence
(14) 0 −→ k −→ H0(ωY (4)) −→ Ext
1(F, F ) −→ H0(NY/P3) −→ 0,
which, together with (4), immediately implies the equality (8).
Since the curve Y is smooth we have the formulas
χ(NY/P3) = 4m, χ(ωY (4)) = 4m+ g − 1,
deg(ωY (4)) = 4m+ 2g − 2, h
1(ωY (4)) = 0,
so the equality (8) can be written in the following form
(15) dim Ext1(F, F ) = h1(NY/P3) + 8m+ g − 2.
Next, note that according to [4, Prop. 3.4] we have the following formula
(16)
3∑
i=0
dim Exti(F, F ) = −8m+ 4.
Considering the remaining part of the exact sequence (10), namely,
Ext3(IY , F ) −→ Ext
3(F, F ) −→ H3(F )
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we can deduce that Ext3(F, F ) = 0 because of H3(F ) ≃ H3(IY ) = 0 and
Ext3(IY , F ) ≃ Ext
3(IY , IY ) = 0. On the other hand, from the Lemma 1
we know that Hom(F, F ) ≃ k2. Taking into account (15), we obtain from
(16) the formula (9). 
It is important that the proof of the irreducibility of the new compo-
nents of M(k) which will be constructed in the next section using ele-
mentary transformations of reflexive sheaves F is presented only for the
case dim Ext2(F, F ) = 0. By this reason and due to the formula (9), we will
consider only irreducible subschemes Vm ⊂ V(0, m, 4m− 2) whose general
points are sheaves obtained by Serre construction (5) with smooth rational
curves Y of degree m (it is easy to see that for such sheaves F ∈ Vm we
have c3(F ) = 4m− 2).
Remark 1. For a sheaf F ∈ Vm the corresponding curve from the con-
struction (5) we will denote by YF . Also note that we have the inclusion
Sing(F ) ⊂ YF .
Lemma 3. Let F be an rank-2 µ-semistable sheaf with c1(F ) = 0. Then
for any m ≥ 1, the restriction of F to a general rational curve of degree d
in P3 is trivial.
Proof: For d = 1, the assertion follows from the GrauertMu¨lich Theorem
[5, Theorem 3.1.2]. For d > 1, we start by restriction to a general chain of
m lines and then smooth out the chain of lines to a nonsingular rational
curve of degree d.
By a chain of lines we mean a curve C0 = l1 ∪ ... ∪ ld in P3 such that
l1, ..., ld are distinct lines and li ∩ lj = ∅ if and only if |i− j| ≤ 1. It is well
known (see e. g. [13, Cor. 1.2]) that a chain of lines C0 = l1 ∪ ...∪ ld in P
3
considered as a reducible curve of degree d can be deformed in a flat family
with a smooth one-dimensional base (∆, 0) to a nonsingular rational curve
C. Making an e´tale base change, we can obtain such a smoothing with a
section.
By the case d = 1, the restriction of F to a general line is trivial. By
induction on d, we easily deduce that for a general chain of lines C0, the
restriction of F to C0 is also trivial: F |C0 ≃ O
⊕2
C0
, which is equivalent to
saying that F |li ≃ O
⊕2
li
for all i = 1, ..., d. Choosing a smoothing {Ct}t∈∆ of
C0 with a section t 7→ xt ∈ Ct as above, we remark that F |Ct ≃ OCt(kt pt)⊕
OCt(−kt pt) for some integer kt which may depend on t. The triviality of
F |Ct is thus equivalent to the vanishing of h
0(F |Ct(−pt)). Using the semi-
continuity of h0(F |Ct(−xt)), we see that F |Ct is trivial for general t ∈ ∆.

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3. Construction of components
Fix an arbitrary scheme R belonging to one of the families Sa,b,c or
Vm described above. For simplicity of notation we will denote the Chern
classes of a sheaf from R by ci(R), i = 1, 2, 3. Similarly, fix some scheme
H1 from the collection of the Hilbert schemes Hilbd, Hilb(d1,d2), where the
Hilbert scheme Hilbd parameterizes smooth irreducible rational curves of
degree d in P3 and Hilb(d1,d2) parametrizes smooth irreducible complete
intersection curves of the form Sd1 ∩ Sd2, where Sd1, Sd2 ⊂ P
3 are surfaces
of degree d1, d2, respectively. For the Hilbert schemes Hilb(d1,d2) we will
assume that d1 ≤ d2 and (d1, d2) 6= (1, 1), (1, 2). The genus of curves
from H1 we will denote by g which is equal to zero for rational curves and
1+ 12d1d2(d1+d2−4) for complete intersection curves. Next, denote byH0 =
Syms∗(P
3) the open smooth subset of the Hilbert scheme parameterizing
unions W = {x1, ..., xs | xi 6= xj} of s distinct points in P3. Also we impose
the following restrictions on the choice of schemes R, H1 and H0
(17)


s < 12c3(R) if H1 = Hilbd,
s ≤ 12c3(R) if H1 = Hilb(d1,d2),
R = Vm ⇒ m < d.
The universal curves of the Hilbert schemes H0 and H1 we will denote by
Z0 ⊂ H0 × P3 and Z1 ⊂ H1 × P3, respectively.
Since for a smooth projective curve invertible sheaves and rank-1 stable
sheaves are the same objects, the relative Picard functorPic : (Sch/H1) −→
(Sets) defined as
Pic(T ) = {T -flat invertible sheaves F on Z1 ×H1 T}/Pic(T )
is equal to the relative Maruyama moduli functor for classifying stable
sheaves which is corepresented by some H1-scheme (see [11, Thm. 5.6] or
[5, Thm. 4.3.7]). So the Picard functor Pic is also corepresented by this
H1-scheme which we denote by PicZ1/H1. Further we will only consider the
component of the scheme PicZ1/H1 corresponding to the following Hilbert
polynomial
P (k) = g − 1 + 2d+ n− s+ dk,
We will denote this component just by P . From the set-theoretical point
of view the scheme P has the following form
P = {(C,L) | C ∈ H1, L ∈ Pic
g−1+2deg(C)+n−s(C)}.
For the case of smooth rational curves we have the isomorphism P ≃ H1
because Picg−1+2deg(C)+n−s(C) is trivial for any smooth rational curve C.
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Also it is obvious that the dimension of the scheme P can be computed by
the formula
(18) dim P = dim H1 + dim Jac(C).
Remark 2. For simplicity of notation the sheaf OW ⊕L for fixed elements
W ∈ H0, L ∈ P we will denote just by Q throughout the text. Also for
arbitrary two sheaves F and Q we denote by Home(F,Q) ⊂ Hom(F,Q)
the subset of surjective morphisms F ։ Q of Hom(F,Q).
Lemma 4. The closed points of R×P ×H0 satisfying the following con-
ditions
(19) C ∩W = ∅,
(20) R = Sa,b,c ⇒ Sing(F ) ∩ (C ⊔W ) = ∅,
(21) R = Vm ⇒ YF ∩ (C ⊔W ) = ∅,
(22) h1(Hom(F, L)) = 0,
(23) Home(F,Q) 6= 0,
(24) h0(ωC(4)⊗ L
−2) = 0
form an open dense subset B of R× P ×H0.
Proof: First of all, note that all these conditions are open, so we only need
to prove that each of them is non-empty because of the irreducibility of
the scheme R×P ×H0.
It is obvious that the conditions (19)-(21) are non-empty because for
a given sheaf F ∈ R we always can take the disjoint union C ⊔W away
from Sing(F ) for the case R = Sa,b,c, or YF for the case R = Vm. From
Lemma 3 it follows that the restriction of any sheaf from R = Sa,b,c, Vm
on a general rational curve is trivial. Moreover, the first inequality of (17)
implies that deg(L) > g − 1 + 2 deg(C) > 0. Using these facts we can
immediately conclude that the conditions (22)-(24) are non-empty for the
case H1 = Hilbd.
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Now let us prove that the conditions (22)-(24) are non-empty for the
caseH1 = Hilb(d1,d2)(P
3) as well. In order to do this we consider a flat family
C := {Ct ⊂ P3, t ∈ Y } ⊂ Y × P3 of smooth curves parameterized by a
smooth irreducible curve Y with marked point 0 ∈ Y such that Ct ∈ H1
for t 6= 0, but C0 =
d1d2⋃
i=1
li is a union of d1d2 projective lines l1, ..., ld1d2.
According to [7, Lemma 20], such family can be chosen with the property
that there exists a sheaf L˜ over C satisfying the following
• for t 6= 0: L˜t := L˜|t×Ct ∈ Pic
g−1(Ct) and
h0(L˜|Ct) = h
1(L˜|Ct) = 0, L˜|Ct
⊗2
6= ωCt;
• L˜0 =
d1d2⊕
i=1
Oli(−1) is a OC0-semistable sheaf.
Now fix a planeH ⊂ P3 which intersects C0 at d1d2 points, thenH transver-
sally intersects the curve Ct for any t from some open subset U ⊂ Y con-
taining 0 ∈ Y . Making an etale base change, we can assume that there
is a section x : U −→ C defined by t 7→ xt ∈ Ct ∩ H ⊂ Ct, t ∈ U
such that x0 ∈ l1. The section x can be considered as the divisor {xt}t∈U
on C as well as {H ∩ Ct}t∈U ⊂ C, so we can define the divisor D =
{H ∩Ct}t∈U +(d1d2+n− s){xt}t∈U on C. Therefore, the sheaf L := L˜(D)
satisfies the following properties
• for t 6= 0: Lt := L|t×Ct ∈ Pic
g−1+2d1d2+n−s(Ct)
• L0 = Ol1(d1d2 + n− s)⊕
d1d2⊕
i=2
Oli.
Note that the restriction of a given sheaf F from R on a general pro-
jective line is trivial due to Lemma 3. Conversely, using the induced action
of the projective transformation group PGL(4, k) on R we can state that
restriction of a general sheaf from R on a given projective line is trivial. So
there is a sheaf [F ] ∈ R which is trivial on every line li of the configuration
C0, i. e.
(25) F |li ≃ 2Oli, i = 1, ..., d1d2.
From this it is easy to see that
h1(Hom(F, L0)) = h
1(Hom(F,Ol1(d1d2+n−s))⊕
d1d2⊕
i=2
h1(Hom(F,Oli)) = 0.
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Taking into account the upper-semicontinuity we can conclude that this
equality holds for Lt, where t belongs to some open subset of U . Since
([F ], Lt) ∈ R × P for t 6= 0 this proves that the property (22) is non-
empty.
Next, since the sheaf F is locally-free free along the support of the
sheaf Lt and as it was proved the equality h
i≥1(Hom(F, L0)) = 0 holds,
any epimorphism F ։ L0 can be extended to epimorphism F ։ Lt (see [6,
Lemma 7.1]). So we have Home(F, Lt) 6= 0, and, obviously, Home(F,OW ⊕
Lt) 6= 0 for any W ∈ H0 not intersecting Ct ⊔ Sing(F ).
Finally, let us prove that the condition (24) is non-empty. Note that
for any pair (C,L) ∈ P we have the following equality
deg(ωC(4)⊗ L
−2) = 2g − 2 + 4d1d2 − 2(g − 1 + 2d1d2 + n− s) = 2(s− n).
The second inequality of (17) means that s ≤ n. So if s < n then the
condition (24) is obviously satisfied. On the other hand, if s = n then the
line bundle L can be chosen in such way that L ≃ L˜(2), where L˜ is not a
theta-characteristic, i. e. L˜⊗2 6= ωC . Hence ωC(4)⊗ L−2 is non-trivial line
bundle of degree 0 so it has no nonzero global sections. 
Lemma 5. Two different triples (F,W ⊔ C,L), (F˜ , W˜ ⊔ C˜, L˜) ∈ B give
the same isomorphism class [E
φ
≃ E˜] ∈ M(m + d) if and only if there
exist isomorphisms ψ ∈ Hom(F, F˜ ), ζ ∈ Hom(Q, Q˜) which complete the
commutative diagram
(26)
0 E F Q 0
0 E˜ F˜ Q˜ 0
ξ
φ ψ ζ
ξ˜
Proof : See [4, Cor. 1.5]. 
Lemma 6. For any triple (F,W ⊔ C,L) ∈ B and surjective morphism
φ ∈ Home(F,Q) the kernel sheaf E := ker φ is stable.
Proof : It is obvious that the sheaf E is µ-semistable. Moreover, it has no
torsion and c1(E) = 0, so in order to prove its stability we can consider
only subsheaves G ⊂ E which are sheaves of ideals I∆ of some subschemes
∆ ⊂ P3, dim ∆ ≤ 1. Since taking double dual sheaf is functorial we have
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the following commutative diagram
(27)
0 0
0 I∆ OP3
0 E E∨∨
which implies that h0(E∨∨) > 0. On the other hand, as it was shown in the
proof of the previous lemma there is the isomorphism E∨∨ ≃ F . However,
for the case R = Sa,b,c the corresponding sheaf [F ] ∈ R has no nonzero
global sections because it would contradict its stability. Therefore, for this
case the sheaf E is stable.
Next, consider the case R = Vm. Note that from the construction (5)
it follows that h0(F ) = 1. So the diagram above can be written in the
following form
(28)
0 0 0
0 I∆ OP3 O∆ 0
0 E F OW ⊕ L 0
0 T IY
0 0
From this we immediately conclude that ∆ ⊂ W ⊔ C. Note that C is
an irreducible curve and L is a locally-free OC-sheaf, so it cannot have 0-
dimensional subsheaf. Therefore, in the case dim(∆) = 0, the composition
OC →֒ OW ⊕ L
pr2
։ L is zero and ∆ ∩ C 6= ∅ is impossible. Hence, only
the following cases are possible: ∆ ∩ C = ∅ or C. The first case leads to
contradiction because IY |C ≃ OC and deg L > 0, so there is no surjective
morphism IY ։ L. The second case is not destabilizing due to the third
inequality of (17) and the following formula
1
2
P (E)− P (IC⊔W ′) =
deg(C)−m
2
k + const.
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Therefore, for the case R = Vm the sheaf E is also stable. 
From Lemma 5 it follows that an epimorphism φ ∈ Home
(
F,Q
)
defines
the isomorphism class [ker φ] up to natural action of Aut(F )×Aut(Q) on
Home
(
F,Q
)
, i. e. (ψ, ζ)φ = ζ ◦ φ ◦ ψ−1 for (ψ, ζ) ∈ Aut(F ) × Aut(Q).
In other words, the element [φ] of the orbit space Home
(
F,Q
)
/
(
Aut(F )×
Aut(Q)
)
, which we will consider as a set, uniquely defines the isomorphism
class [ker φ]. This fact, together with Lemma 6, implies that the elements
of the following set of data of elementary transformations
(29) Q :=
{
([F ], C ⊔W,L, [φ]) | ([F ], C ⊔W,L) ∈ B,
[φ] ∈ Home
(
F,Q
)
/
(
Aut(F )×Aut(Q)
)}
are in one-to-one correspondence with some subset of closed points of the
moduli schemeM(m+ d). Note that the vector space Hom
(
F,Q
)
has the
following direct decomposition
(30) Hom
(
F,Q
)
= Hom
(
F, L
)
⊕Hom
(
F,Ox1
)
⊕ ...⊕ Hom
(
F,Oxs
)
.
Moreover, all non-trivial morphisms F −→ Oxi are surjective, so we have
Home
(
F,Oxi
)
= Hom
(
F,Oxi
)
\ 0 = k2 \ 0, i = 1, ..., s.
Next, since the sheaves L,Ox1, ...,Oxs are simple and their supports are
disjoint we have the isomorphism
Aut(Q) ≃ Aut(L)×Aut(Ox1)× ...×Aut(Oxs) ≃ (k
∗)s+1
which obviously respects the decomposition (30), so we have the following
equality
(31) Home
(
F,Q
)
/Aut(Q) ≃ PHome
(
F, L
)
×
s∏
i=1
PHome
(
F,Oxi
)
≃
≃ PHome
(
F, L
)
× (P1)×s
open
−֒→ PHom
(
F, L
)
× (P1)×s.
From this it follows that
(32) Home
(
F,Q
)
/
(
Aut(F )×Aut(Q)
)
=
=
(
PHome
(
F, L
)
×
s∏
i=1
PHome
(
F,Oxi
))
/PAut(F ),
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where PAut(F ) := Aut(F )/{λ · Id, λ ∈ k∗} is the quotient group by
homotheties.
For the case R = Sa,b,c the automorphism group Aut(F ) is generated
by the homotheties, so the group PAut(F ) is trivial. On the other hand,
for the case R = Vm the automorphism group of the sheaf F is of the
form (7), so the group PAut(F ) ≃ k is not trivial. Let us show how the
automorphism group Aut(F ) acts on the vector space Hom(F,Q). From
the exact triple (5), the conditions (21) and (22) we have the following
exact triple
0 −→ Hom(IY , Q) −→ Hom(F,Q) −→ Hom(OP3, Q) −→ 0.
Note that Hom(IY , Q) ≃ Hom(OP3, Q) =: V , so we have the isomorphism
Hom(F,Q) ≃ V ⊕V . It is easy to see that the endomorphism σ ∈ End(F )
induces the following action on V ⊕ V by sending (x, y) ∈ V ⊕ V to (y, 0).
Moreover, since there are no surjections IY ։ Q we have that Home(F,Q)∩
ker σ = ∅. In particular, it means that the induced action of PAut(F ) on
Home
(
F,Q
)
/Aut(Q) is free.
Lemma 7. There exists an irreducible closed subscheme C ofM(m+d) and
a dense subset C ⊂ C whose closed points are in one-to-one correspondence
with the elements of the set Q. The dimension of C can be computed by
the following formula
(33) dim C = dim R+ dim H0 + dim P+
+dim Hom(F,Q)/Aut(Q)− dim PAut(F ).
Proof: Since the Hilbert scheme H1 parameterizes only smooth connected
curves, there exists a Poincare´ sheaf L on P ×H1 Z1. Next, for the case
R = Sa,b,c there exists an etale surjective morphism ξ : R˜ −→ R and a
sheaf F on R˜×P3 such that F|t×P3 ≃ Fξ(t), where [Fξ(t)] is the isomorphism
class of the sheaf defined by the point ξ(t) ∈ R. The etale morphism ξ can
be obtained in the following way. Recall the construction of the moduli
space R (see [5, Thm 4.3.7]). Namely, R is obtained as a GIT-quotient
p : Q −→ Q//GL(N) = R for an appropriately chosen open subset Q
of the Quot-scheme QuotP3(OP3(−m)
⊕N , P ), where P is the corresponding
Hilbert polynomial, N = P (m) and m large enough. Since the sheaves
from R are stable, the quotient p is a principal GL(N)-bundle (see [5, Cor.
4.3.5]). By the definition this means that there exists an etale surjective
morphism ξ : R˜ ։ R such that Q ×R R˜ is isomorphic to the direct
product R˜ × GL(N). On the other hand, it is well-known that there
exists the universal sheaf F over Q× P3. Denote by F˜ the corresponding
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pullback of F to (Q ×R R˜) × P3. Next, let F be the restriction of F˜ on
R˜×P3 →֒ (R˜×GL(N))×P3 ≃ (Q×R R˜)×P3, where the first inclusion is
given by fixing arbitrary point in GL(N). It is obvious that all restrictions
F|ti×P3, ti ∈ ξ
−1(t0) of the sheaf F are isomorphic. Also note that since the
scheme R is smooth, by taking the irreducible component of R˜, we can
assume that R˜ is smooth and irreducible, and it covers some open dense
subset of the scheme R. For the case R = Vm we can assume that R˜ = R
because there exists the universal sheaf F on R× P3 (see [10]).
From [14, Lemma 4.5] once can deduce that the scheme P(F) is irre-
ducible and reduced. The symmetric group G = Ss acts on
∏s
i=1P(F) by
permutations of factors, and the s-fold fibered product P(F)×R˜ ···×R˜P(F)
naturally embeds in
∏s
i=1P(F) as a G-invariant subscheme. Now consider
the following integral scheme
Syms
R˜
(P(F)) :=
(
P(F)×R˜ · · · ×R˜ P(F)
)
/G.
Since there is the projectionP(F) −→ R˜×P3, we also have the two natural
projections
Syms
R˜
(P(F)) −→ R˜, Syms
R˜
(P(F)) −→ Syms(P3),
so we can define the following surjective morphism
Syms
R˜
(P(F)) −→ R˜ × Syms(P3).
Therefore, we can consider the fiber product of the following form
Y := Syms
R˜
(P(F))×R˜×Syms(P3) (B ×R R˜).
Next, define the sheaf τ := p∗Hom(q∗1F, q
∗
2L) over Y , where p, q1, q2 are
the natural projections included into the following diagram
Y
p
←−− Y ×H1 Z1
q1
−−→ R˜ × P3
q2
y
P ×H1 Z1
Assume that a point y ∈ Y projects to the triple (F,W ⊔ C,L) ∈ B, then
the fiber τy⊗k(y) of the sheaf τ over the point y is isomorphic to Hom(F, L).
Due to the condition (22) we have the inequality χ(Hom(F, L)) = h0(Hom(F, L)).
On the other hand, if R = Sa,b,c then from the condition (20) and the exact
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triple (1) it follows that χ(Hom(F, L)) depends only on the Euler charac-
teristics of the line bundle L. More precisely, we have that
χ(Hom(F, L)) = (a+ b+ c+ 2) · χ(L(k))−
−a · χ(L(k + 3))− b · χ(L(k + 2))− c · χ(L(k + 1)).
Since χ(L(k)), k ∈ Z is constant for all L ∈ P we can conclude that all
fibers τy ⊗ k(y), y ∈ Y are of the same dimension. Similarly, for the case
R = Vm due to the condition (21) and the triple (5) we can obtain the
following formula
χ(Hom(F, L)) = χ(Hom(OP3, L)) + χ(Hom(IYF , L)) = 2 · χ(L)
which as previously implies that the fibers τy ⊗ k(y), y ∈ Y are of the
same dimension. From the construction it follows that the scheme Y is
reduced, so the sheaf τ is actually locally-free. Therefore, it can be viewed
as a vector bundle.
Now consider the projective bundle P(τ∨) associated to the vector bun-
dle τ . If the point u ∈ B ×R R˜ projects to the point (F,W ⊔ C,L) ∈ B,
then the fiber of the projection P(τ∨) −→ B ×R R˜ over the point u is
the direct product of projective spaces PHom(F, L)×
∏s
i=1 PHom(F,Oxi)
which is isomorphic to Hom(F,Q)/Aut(Q) according to (31). From the
construction it follows that the dimension of P(τ) can be computed by the
following formula
(34) dim P(τ∨) = dim R+ dim H0 + dim P + dim Hom(F,Q)/Aut(Q)
Let E ⊂ P(τ∨) be the open dense subset of P(τ∨) consisted from the classes
of surjective morphisms [F ։ Q]. Any point q ∈ E determines the isomor-
phism class of the sheaf [Eq] := [ker ψq], where [ψq] ∈ Home(F,Q)/Aut(Q).
As in [6, Prop. 6.4 ], one can show that the family {Eq, q ∈ E} globalizes
in a standard way to the universal sheaf E over E × P3. Next, by the
construction and by the definition of moduli scheme, the sheaf E defines
the modular morphism Φ : E −→M(m+d), q 7→ [Eq = ker ψq]. Now con-
sider the image C := im(Φ) of the morphism Φ and its scheme-theoretic
closure C ⊂ M(m + d). Note that the scheme E is irreducible, so the
scheme C is also irreducible. Moreover, the morphism Φ is flat over an
dense open subset of C. In particular, it means that for the general point
[E] = Φ(x), x ∈ E we have the following formula for the dimension
(35) dim[E] C = dimx E− dimx Φ
−1([E]).
From the Lemma 5 it follows that Φ(x) = Φ(y) if and only if the points
x, y ∈ P(τ∨) projects to the same tuple (F,W ⊔ C,L) ∈ B and the cor-
responding equivalence classes [φx], [φy] ∈ Hom(F,Q)/Aut(Q) differs by
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the action of the group PAut(F ) which is free. Therefore, the fiber of
Φ−1([E]) is isomorphic to the disjoint union of the finite number of copies
of the group PAut(F ), F ≃ E∨∨. It implies that the set of closed points of
C is isomorphic to Q. Moreover, from the formulas (34) and (35) it follows
that the dimension of the scheme C ⊂ M(m+ d) can be computed by the
formula (33). 
4. Irreducibility of components
Theorem 1. For general sheaf [E] of the closed subscheme C ⊂M(m+d)
we have the equality
dim T[E]M(m+ d) = dim C.
Therefore, the subscheme C is an irreducible component of the moduli
scheme M(m+ d).
Proof: For the computation of the dimension of the tangent space of the
moduli schemeM(m+ d) at the point [E] defined above, we use the stan-
dard fact of deformation theory, T[E]M(m + d) ≃ Ext
1(E,E) for a sta-
ble sheaf E, and the local-to-global spectral sequence Hp(Extq(G,E)) ⇒
Extp+q(G,E) for any sheaf G, which yields the following exact sequence
(36) 0 −→ H1(Hom(G,E)) −→ Ext1(G,E) −→ H0(Ext1(G,E))
φ
−→
φ
−→ H2(Hom(G,E)) −→ Ext2(G,E).
According to our construction, the general sheaf [E] ∈ C fits into the
exact triple of the following form
(37) 0 −→ E −→ F −→ Q −→ 0.
Note again that for general sheaves from R ∈ {Sa,b,c, Vm} we have the
equality Ext2(F, F ) = 0 (see [7, Lemma 5]). Moreover, from (22) and (20)
it follows that Ext1(F,Q) = 0, so the following triple
(38) Ext1(F,Q) −→ Ext2(F,E) −→ Ext2(F, F )
yields Ext2(F,E) = 0. Taking into account that the sheafHom(E,E)/Hom(F,E) →֒
Ext1(Q,E) has the dimension at most 1, we have that the map H2(Hom(F,E)) −→
H2(Hom(E,E)) is surjective. Therefore, we obtain the commutative dia-
gram
H0(Ext1(F,E)) H2(Hom(F,E)) 0
H0(Ext1(E,E)) H2(Hom(E,E)) Ext2(E,E)
φ
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from which it follows that the morphism φ is surjective. Consequently, we
have the following formula
(39)
dim Ext1(E,E) = h0(Ext1(E,E)) + h1(Hom(E,E))− h2(Hom(E,E)),
and an analogous formula for the sheaf F
(40)
dim Ext1(F, F ) = h0(Ext1(F, F )) + h1(Hom(F, F ))− h2(Hom(F, F )).
Applying the functor Hom(−, E) to the triple (37) we obtain the fol-
lowing exact sequence
(41) 0 −→ Hom(Q,E) −→ Hom(F,E) −→ Hom(E,E) −→
−→ Ext1(Q,E)
0
−→ Ext1(F,E) −→ Ext1(E,E) −→
−→ Ext2(Q,E)
0
−→ Ext2(F,E).
Since E is torsion-free sheaf we have Hom(Q,E) = 0. Since the sheaf
Exti≥1(F,E) is supported on the subset Sing(F ), the condition (20) implies
that the sheaves Ext1,2(Q,E) and Ext1,2(F,E) have disjoint supports, so
the morphisms Ext1(Q,E) −→ Ext1(F,E) and Ext2(Q,E) −→ Ext2(F,E)
are equal to zero. Therefore we obtain the following triples
(42) 0 −→ Hom(F,E) −→ Hom(E,E) −→ Ext1(Q,E) −→ 0,
0 −→ Ext1(F,E) −→ Ext1(E,E) −→ Ext2(Q,E) −→ 0.
For the same reason (20) implies that the last triple splits, so we have the
isomorphism
(43) Ext1(E,E) ≃ Ext1(F,E)⊕ Ext2(Q,E).
Now apply the functor Hom(F,−) to the triple (37)
(44) 0 −→ Hom(F,E) −→ Hom(F, F ) −→ Hom(F,Q)
0
−→
0
−→ Ext1(F,E) −→ Ext1(F, F ) −→ Ext1(F,Q).
Again from (20) it follows that Ext1(F,Q) = 0 and the supports of the
sheavesHom(F,Q), Ext1(F,E) are disjoint, so the morphismHom(F,Q) −→
Ext1(F,E) is equal to zero. Therefore, we obtain the following exact triple
and isomorphism
(45) 0 −→ Hom(F,E) −→ Hom(F, F ) −→ Hom(F,Q) −→ 0,
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(46) Ext1(F,E) ≃ Ext1(F, F ).
Next, apply the functor Hom(Q,−) to the triple (37)
(47) 0 −→ Hom(Q,E) −→ Hom(Q,F ) −→ Hom(Q,Q) −→
−→ Ext1(Q,E) −→ Ext1(Q,F ) −→ Ext1(Q,Q) −→
−→ Ext2(Q,E) −→ Ext2(Q,F )
φ
−→ Ext2(Q,Q) −→ Ext3(Q,E).
Since the sheaves E and F are torsion-free we have that Hom(Q,E) =
Hom(Q,F ) = 0. Note that the smooth curve C and 0-dimensional sub-
scheme W are locally complete intersections, so for any point x ∈ P3 we
have the following
(48) Ext1O
P3,x
(OC,x,OP3,x) = 0, Ext
1,2
O
P3,x
(OW,x,OP3,x) = 0.
These equalities together with the condition (20) immediately imply that
the sheaf Ext1(Q,F ) is equal to zero, so we have the isomorphism
(49) Ext1(Q,E) ≃ Hom(Q,Q).
Also (48) and (20) imply that Supp(Ext2(Q,F )) ⊂ C, so we necessarily
have the inclusion im φ ⊂ Ext2(Q,Q)|C. On the other hand, homolog-
ical dimension of the structure sheaf OC is equal to 2, so we also have
Supp(Ext3(Q,E)) ∩ C = ∅. Now suppose that im φ ( Ext2(Q,Q)|C, then
Supp(coker φ)∩C 6= ∅ which leads to the contradiction Supp(Ext3(Q,E))∩
C 6= ∅ because coker φ →֒ Ext3(Q,E). Also note that Ext2(Q,Q) =
Ext2(L, L)⊕Ext2(OW ,OW ) due to C∩W = ∅, so Ext2(Q,Q)|C = Ext2(L, L).
Therefore, im φ = Ext2(L, L) and we have the following exact sequence
(50)
0 −→ Ext1(Q,Q) −→ Ext2(Q,E) −→ Ext2(L, F ) −→ Ext2(L, L) −→ 0.
Next, since c1(F ) = 0 and Sing(F ) ∩ C = ∅, we have det(F ⊗ OC) ≃
det(F ) ⊗ OC ≃ OP3 ⊗ OC ≃ OC . Therefore, the following exact triple
holds
(51) 0 −→ L−1 −→ F ⊗OC −→ L −→ 0.
Note that Ext2(L, F ) ≃ Ext2(L, F ⊗ OC) because F is locally-free along
C. In particular, it means that Ext2(L, F ) is locally-free OC-sheaf. Since
Ext2(L, L−1) is also locally-freeOC-sheaf of rank 1, then applying the func-
tor Hom(L,−) to the triple (51) we obtain the following exact triple
(52) 0 −→ Ext2(L, L−1) −→ Ext2(L, F ) −→ Ext2(L, L) −→ 0.
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Moreover, we have the following commutative diagram
Ext2(L, F ) Ext2(L, L)
Ext2(L, F ⊗OC) Ext
2(L, L)
≃ =
So the morphism Ext2(L, F ) −→ Ext2(L, L) in the triple (52) coincides
with the last morphism in the exact sequence (50). Therefore, we can
simplify (50) as
(53) 0 −→ Ext1(Q,Q) −→ Ext2(Q,E) −→ Ext2(L, L−1) −→ 0.
Note that For any subscheme X ⊂ P3 we have that
Ext1(OX ,OX) ≃ Hom(IX ,OX) ≃ Hom(IX/I
2
X,OX) = NX/P3.
(the last equality is the definition of the normal sheaf). Besides, if X is a
locally complete intersection of the pure dimension 1 then (see [12, Prop.
7.5])
Ext2(OX ,OX) ≃ Ext
2(OX ,OP3) ≃ Ext
2(OX , ωP3)(4) ≃ ωX(4).
Now consider the case X = C ⊔W, Q = L⊕OW . Since L is an invertible
OC-sheaf it follows that
Ext1(L, L) ≃ Ext1(OC ,OC), Ext
2(L, L−1) ≃ Ext2(OC ,OC)⊗ L
−2.
From these formulas one can deduce the isomorphisms
Ext1(Q,Q) ≃ NC/P3 ⊕NW/P3, Ext
2(L, L−1) ≃ ωC(4)⊗ L
−2.
Substituting them to (53) we obtain the following exact triple
(54) 0 −→ NC/P3 ⊕NW/P3 −→ Ext
2(Q,E) −→ ωC(4)⊗ L
−2 −→ 0.
After applying the functorHom(−, F ) to the exact triple (37) we obtain
the long exact sequence of sheaves
(55) 0 −→ Hom(Q,F ) −→ Hom(E, F ) −→ Hom(F, F ) −→
−→ Ext1(Q,F ) −→ Ext1(E, F ) −→ Ext1(F, F ) −→
−→ Ext2(Q,F ) −→ Ext2(E, F ) −→ Ext2(F, F ).
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As it was already explained Hom(Q,F ) = Ext1(Q,F ) = 0 and the mor-
phism Ext1(F, F ) −→ Ext2(Q,F ) is zero, so we have the following isomor-
phisms
(56) Hom(E, F ) ≃ Hom(F, F ), Ext1(E, F ) ≃ Ext1(F, F ).
Consider the part of the commutative diagram with exact rows and
columns obtained by applying the bifunctor Hom(−,−) and its derivative
Ext(−,−) to the exact triple (37) which looks as follows
0 0
0 Hom(F,E) Hom(F, F ) Hom(F,Q) 0
0 Hom(E,E) Hom(E, F )
Ext1(Q,E) 0
0
τ
Note that the uppermost horizontal and the leftmost vertical exact triples
of this commutative diagram coincide with the exact triples (45) and (42),
respectively. Due to the isomorphism (56) the sheaf coker τ fits into the
exact triple
(57) 0 −→ Hom(E,E) −→ Hom(F, F ) −→ coker τ −→ 0.
On the other hand, applying the Snake Lemma to the commutative dia-
gram above and using the isomorphism (49) we have the exact triple
(58) 0 −→ Hom(Q,Q) −→ Hom(F,Q) −→ coker τ −→ 0.
Since dim W = 0 we have that h1(Hom(F,OW )) = 0. Therefore, the
condition (22) implies h1(Hom(F,Q)) = h1(Hom(F, L)) = 0, so from the
triple (58) we obtain that
h0(coker τ) = h0(Hom(F,Q))− h0(Hom(Q,Q)) + h1(Hom(Q,Q)),
h1(coker τ) = h2(coker τ) = 0.
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Using these equalities and the fact that the sheaf E is simple due to its
stability, the triple (57) implies the following formula
(59) h1(Hom(E,E)) = 1− h0(Hom(F, F )) + h0(Hom(F,Q))−
−h0(Hom(Q,Q)) + h1(Hom(Q,Q)) + h1(Hom(F, F )) =
= dim Hom(F,Q)/Aut(Q)−dim PAut(F )+dim Jac(C)+h1(Hom(F, F )),
(60) h2(Hom(E,E)) = h2(Hom(F, F )).
Next, using the isomorphisms (43), (46), the triple (54) and the condition
(24) we obtain the formula
(61) h0(Ext1(E,E)) = h0(NW/P3) + h
0(NC/P3) + h
0(Ext1(F, F )) =
= dim H0 ×H1 + h
0(Ext1(F, F )).
Substituting the formulas (59-61) to the equality (39) and using (40), we
obtain the following formula
(62) dim Ext1(E,E) = dim R+ dim H0 + dim H1 + dim Jac(C)+
+dim Hom(F,Q)/Aut(Q)− dim PAut(F ).
Now taking into account (18) and (33) we immediately obtain the state-
ment of the theorem. 
From the construction of the component C it follows that the general
sheaf E of C has singularities of mixed dimension, more precisely, we have
Sing(E) = C ⊔ Sing(E∨∨) ⊔W , where C is a curve of degree more than
1, dim Sing(E∨∨) = dim W = 0 and Sing(E∨∨) 6= ∅. On the other hand,
the general sheaves of all known components parameterising sheaves with
mixed singularities have singularity sets of the form l ⊔ W , where l is a
projective line and dim W = 0. Therefore, the component C is not one of
the previously known components.
Next, note that the construction of the open subset C and its closure
C ⊂M(m+d) depends on the choice of the number s of disjoint points, the
choice of the component R from two series Sa,b,c, Vm, and the choice of the
Hilbert scheme H1 from two series of the Hilbert schemes Hilbd, Hilb(d1,d2).
So, in fact, we have the series of components which we will denote by
C(R,H1, s).
Also it is worth to note that the described series of components can
be extended to a larger series of components. In order to construct them
we consider strictly µ-semistable reflexive sheaves defined by the triple (5),
NEW SERIES OF MODULI COMPONENTS OF RANK 2 SEMISTABLE SHEAVES ON P3 WITH SINGULARITIES OF MIXED DIMENSION23
where Y is a disjoint union of rational curves. Then we do elementary
transformations of these reflexive sheaves along disjoint union of a collec-
tion of distinct points, smooth rational curves and complete intersection
curves, simultaneously. It seems that the proof of irreducibility of compo-
nents of this extended series is essentially the same as above and need only
minor modifications.
Since a complete enumeration of components of M(k) for small val-
ues of k is of particular interest, we point out that the series described
above contains a new component from M(3), namely, C(V1,Gr(2, 4), 0).
By construction the general sheaf [E] of this component fits into the exact
sequence
0 −→ E −→ F −→ OC(2) −→ 0,
where C is a smooth conic and [F ] ∈ V1 = V(0, 1, 2) is a µ-semistable sheaf
satisfying the following exact triple
0 −→ OP3 −→ F −→ Il −→ 0, l ∈ Gr(2, 4).
Dimension of the component C(V1,Gr(2, 4), 0) is equal to 21 and its spec-
trum is (−1, 0, 1). Therefore, the number of components of M(3) is at
least 11.
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